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In a previous work (El Sayed et al., 1994), the separation of a variable/superposition 
technique was used to predict the flux density distribution on the receiver surfaces 
of solar central receiver plants. In this paper further developments of the technique 
are given. A numerical technique is derived to carry out the convolution of the 
sunshape and error density functions. Also, a simplified numerical procedure is 
presented to determine the basic flux density function on which the technique depends. 
The technique is used to predict the receiver solar flux distribution using two sun-
shapes, polynomial and Gaussian distributions. The results predicted with the tech-
nique are validated by comparison with experimental results from mirrors both with 
and without partial shading/blocking of their surfaces. 
1 Introduction 
The distribution of the solar flux FR on the receiver surface 
is one of the important criteria of solar central receiver plants. 
Several researchers have investigated this problem since the 
early 1970s, and their collective efforts have helped designers 
to determine this distribution with reasonable accuracy (Lipps, 
1974, 1980; Lipps and Walzel, 1978; Walzel et al., 1977; Biggs 
and Vittitoe, 1979; Hennet and Abtatut, 1984; Pettit et al., 1983; 
CoUado et al., 1986; Elsayed et al., 1993, 1995; Elsayed and 
Fathalah, 1994). 
Several methods have been developed to determine the solar 
density distribution in the image plane. The general methodol-
ogy of these technique is to calculate the convolution of the 
statistical distribution of reflection angle E with the convolution 
of the solar disk with the principal image P of mirror after 
accounting for blocking and shading. This double convolution 
is determined either numerically, analytically, or with a combi-
nation of the two techniques. The techniques which use analyti-
cal expressions for the solar flux-density distribution are limited 
in application. Some of these techniques are restricted to rectan-
gular flat mirrors (Lipps 1974; Walzel et al., 1977; Lipps and 
Walzel, 1978; Hennet and Abatut, 1984). Other techniques are 
restricted to the assumption that the principal image is rectangu-
lar in shape and that its sides are enlarged or shortened in 
the same ratio (Collado et al., 1986). Some of the analytical 
expressions are valid only for a particular sunshape and do not 
include the effect of the function E (Hennet and Abatut, 1984). 
The techniques which use numerical integration are generally 
slow since numerical integration is applied for the central helio-
stat of each cell, and this process is repeated at each calculation 
time within an optimization technique. 
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Lately Elsayed and Fathalah (1994) introduced the so-called 
separation of variable/superposition technique for the determi-
nation of the solar flux density distribution on the receiver. The 
technique makes use of the ertor function introduced by Pettit 
et al. (1983) to account for errors due to tracking, reflection, 
vibration, wind, etc., to determine an effective solar disk S^! 
of unit radius. Details about the method are given in Elsayed 
and Fathalah (1994). This model was also verified by compari-
son with experimental measurements for cases without blocking 
and shading by Elsayed and Fathalah (1995). The separation 
of variable/superposition method has no restrictions. It could 
be applied for focal and non-focal mirrors of any shape (al-
though the demonstration of the method presented by Elsayed 
and Fathalah used only rectangular mirrors), for any sunshape 
S, for shading and blocking, and for any statistical function E 
to represent the error in the reflection angle. 
The present work has several objectives. The first objective 
is to present a numerical technique to determine the convolution 
of the solar disk and the error function to determine the effective 
solar disk of unit radius S^u. The second objective is to describe 
a fast numerical method to determine the basic solar flux distri-
bution function <̂ . The third objective is to study the effect of 
using either a polynomial or a Gaussian sunshape on the pre-
dicted distribution of the solar flux on the receiver surface. The 
last objective is to validate the model by comparing its results 
with measurements of the solar radiation reflected by a mirror 
with and without partial shading/blocking of the surface. 
2 The Separation of Variable/Superposition Tech-
nique 
In a previous work by Elsayed and Fathalah (1994), the 
separation of variable/superposition technique was introduced 
as a fast and accurate method to determine the solar flux density 
distribution on a receiver plane using the coordinate systems 
shown in Fig. 1. The main concept of this technique is intro-
duced below. 
The solar flux FR at a point {XR, JR) on the receiver is given 
in terms of the solar flux Fi on the image plane as foUows: 
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Fig. 1 Coordinate systems: Of fieid and sun coordinate system (soutli, 
east, vertical), Of heliostat system (fi,, Kx, K3), O^ mirror plane coordi-
nate system {ffiu ms, nii), Oi image plane coordinate system (1^,12, Is), 
and OH receiver plane coordinate system (Ai, Ri, R3) 
FR(XR, y^) = cos aniFiix,, y,)- (1) 
The image plane is an imaginary plane passing through the 
aim point of the mirror and perpendicular to the reflected ray 
from the center of the mirror, and a«, is the angle between the 
receiver and image planes. The point (jc,, y;) is the point on 
the image plane which corresponds to point (XR, yn). 
Investigators have suggested various methods to determine 
the distribution of F, on the image plane (Lipps, 1974, 1976, 
1980; Walzel et al., 1977; Lipps and Walzel, 1978; Hennet and 
Abattut, 1984; CoUado et al., 1986; Elsayed and Fathalah, 
1994). The resultant efforts of those investigators showed that 
the distribution of F, depends on the geometry of the effective 
principal image P^fi of the mirror on the image plane, the sun 
shape S, and the error distribution E due to imperfect reflection, 
tracking, etc., in addition to other parameters. When S and E 
are convolved an effective solar disk 5eff is produced. The geom-
etry of the effective principal image depends on the geometry 
of the reflecting mirror and focusing parameters after allowing 
Fig. 2(a) A typical example of the effective principal image of a rectan-
gular mirror on the image plane after allowing for shadowing and/or 
blocking 
Fig. 2(b) The first quarter of t,i- r)i plane of corner angle 0* on the image 
plane 
for shadowing and blocking, the distance between the mirror 
and the image plane, the location of the mirror with respect to 
the tower, and the solar zenith and solar azimuth angles. Elsayed 
and Fathalah (1994) separated the variables that affect Fi and 
showed that 
Fi - Fi(Pg,ff, Bf, Rat, Seff) ( 2 ) 
where Of is the angle between the principal axes of the effective 
principal image (see Fig. 2 (a ) ) , and êff is the radius of the 
effective solar disk on the image plane. The number of indepen-
dent variables is further reduced when the effective principal 
image and the effective solar disc are normaUzed by R^t. This 
leads to 
N o m e n c l a t u r e 
a = distance between mirror center and x = 
image plane center y = 
A = area a = 
C — average concentration ratio of the 
mirror 
E = error density function defined by a, = 
Eq. (16) ttR, = 
F = solar flux at a point 
Gt„ = solar beam irradiance received for ^ = 
normal incidence on the mirror 
GM - reflected solar flux measured at a 
point on the receiver surface ^ * = 
/ = solar flux density at a point in the t] = 
solar disk 
/„ = constant, see Eq. (7) 
P — principal image on the image plane rj* = 
Po = first quarter of the ^,-7?, plane in 6f = 
the image plane 
r = radial distance OIR = 
R — outer radius 
S = sunshape function defined by Eq. 
(11) or (15) 
distance along the ^c-coordinate 
distance along the y-coordinate 
angle between a solar ray and the 
principal solar ray of the same opti-
cal cone 
solar limb angle 
angle between the receiver and the 
image plane 
distance along the principal axis 
formed by the image of the hori-
zontal axis mi of the mirror 
seeEq. (31) 
distance along the principal axis 
formed by the image of the tilted 
axis m2 of the mirror 
seeEq. (31) 
the angle between the axes of the 
principal image 
angle between ^R and jt^-axes, see 
Fig. 10 
X. = constant, see Eq. (7) 
p = average reflectance of the mirror 
a = standard deviation of the angles of 
reflection 
(j) = basic solar flux at a point on the 
image plane 
ip = function defined by Eq. (36) 
Subscripts 
e = error 
eff = effective 
i = image plane 
R = receiver plane 
s = solar disc 
Superscripts 
' = normalized by radius of a solar disk 
on the image plane 
= normalized by maximum solar 
density on the receiver plane 
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Fig. 3 Convoiution of S and E 
I = h 1 - \ a :£ a., 
= 0, a > a,, (7) 
where /„ is constant, \ = 0.5138, a, is the solar limb angle ( = 
0.264°), and a is the angle between a solar ray and the principal 
solar ray of the same optical cone. On an image plane normal 
to the reflected rays from a focal or nonfocal mirror, the distribu-
tion of the flux density due to the above sunshape becomes 
• - ' t 1 = 1 
= 0, r, > /?, 
rs =: Rs 
(8) 
where r, is the radial distance from the center of the image of 
the solar disk of radius R.. This radius is determined as follows: 
R, = a tan a, aus (9) 
F: =F;(P',n,9r,S',„) (3) 
where the prime indicates normalization by R^ff. 
A further simplification was introduced by making use of a 
superposition technique. Elsayed and Fathalah (1995) defined 
a basic solar flux distribution function 4> on the image plane. 
This distribution is generated by the effective solar disk S'^f of 
unit radius and PQ which is the first quarter of the C,i - 77, plane 
(of corner angle 9f') on the image plane as shown in Fig. 2(b). 
The distribution 4> is given as follows: 
SL S'ffdA' (4) 
where the integration of S'ea is carried out over the intersection 
area of êff with PQ . 
Once the distribution <j) is determined for a given angle ^*, 
it is utilized to determine the distribution F, of all effective 
principal images Pert of the same angles 9f. The procedure is 
simply transferring the coordinates of the ^, - 77; plane of 4> to 
each vertex of P'^n and adding or subtracting the resultant 4> 
distribution, i.e.. 
F, =pGi,„Cl(- l )*^ '</>, (5) 
where (̂ ^ is the distribution function </> when the vertex k is 
taken as the origin of the ^, - r/, plane and k is the order of 
the vertices of P'^fi in a clockwise direction with /: = 1 at the 
lower left corner of Pifi. For the example shown in Fig 2 (a ) , 
this yields 
F, = pGi„,C{(j)x - 02 + 03 - 6 ) (6) 
where p is the average reflectance of the mirror, C the average 
concentration ratio of the mirror (for flat mirrors C = 1), and 
Gh„ is the solar beam irradiance for normal incidence on the 
mirror. The algorithm to apply the separation of variables/su-
perposition technique is given in a form of an illustrative exam-
ple in Elsayed and Fathalah (1994). 
3 The Effective Solar Disk 
3.1 The Sunshape. Two sunshapes have been widely 
used by many investigators, the polynomial sunshape and the 
Gaussian sunshape. The polynomial sunshape takes the follow-
ing form (originally by Walzel et al. (1977) and later by Hennet 
and Abatut (1984), Elsayed et al. (1993), and Elsayed and 
Fathalah (1994)): 
where a is the distance between the mirror center and the center 
of the image plane. 
Assuming a mirror of average specular reflectance p, then 
we find that 
I IdA, = pGh, (10) 
where A, is the area of the solar disk on the image plane. Using 
Eqs. (8) and (10) gives the value of/„, and Eq. (8) then reduces 
to 
polynomiai sun shape 
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Fig. 4 The sunshape functions S,ff and S'M of the effective solar disk 
and the effective solar disk of unit radius using polynomiai sunshape 
with o-s = 0.264 deg and 0^ = 0 deg to 1.0 deg 
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Fig. 5 The sunshape functions SM and S',n of the effective solar disl( 
and the effective soiar disk of unit radius using a Gaussian sunshape 
with o-j = 0.15 deg and <r. = 0 deg to 1.0 deg. 
TT/?? 1 
pGb, 
0, r, > R,. 
'̂1 n s /?, 
(11) 
The distribution of the solar flux density according to the 
Gaussian sunshape is given as follows (Pettit et al., 1983; Col-
l adoe ta l , 1986): 
/ = 
2na exp 
1 / £ 
2U. 0 s a 
(12) 
where a, is the standard deviation of the angles between a solar 
ray and principal solar ray of the same optical cone, /„ is a 
constant, and a is as defined previously. The solar flux density 
distribution on the image plane due to a single point on the 
mirror would then be 
/ = exp 2 Uv? O ^ r . s - . (13) 2 
The distribution could be limited to a solar disk of radius 
R, = 4aa, (14) 
since 99.97 percent of the solar radiation would be contained 
within this disk (Miller and Freund, 1986). Using the condition 
given by Eq. (10), we calculate the solar constant /„ and Eq. 
(12) reduces to 
S = 
pGbn 
= 0, r,> R: 
^ ^ ' ' P rs s R, 
(15) 
3.2 The Error Distribution. Practically, the reflected so-
lar cone from a point on the mirror would suffer from optical 
scattering caused by reflector surface slope errors or other me-
chanical factors such as tracking errors or vibration as pointed 
out by Pettit et al. (1983). A solar ray reflected by a point 








where A^ is the angular deviation from the specular direction 
of reflection and a^. is the standard deviation of these angular 
deviations (Pettit et al , 1983). In terms of the radial distance 
Yg, measured from a point on the image plane, Eq. (16) may 
be expressed as follows: 
£ ( r j = 
E, 
2na a] 
( -'" 0 (17) 
where aa^ is now the standard deviation of the radial distance 
for a reflected ray. The integration of the function E from r^ = 
0 to r,, = 00 gives a value of 1 (i.e., 100 percent chance) and 
this yields £ 0 = 1 . For simplicity, we may now limit the radius 
of the error density function to R^ - 4aae, which gives 99.97 
percent chance that the scattering of the reflected ray is within 
the error disk (Miller and Freund, 1986). The error density 




= 0 re> Re (18) 
3.3 Convolution of Sunshape and the Error Density 
Function. In the ideal case, the image of the sun, which is 
reflected by a point on the mirror to the image plane, will have 
the solar flux density distribution given by either Eq. (11) or Eq. 
(15). This distribution is widened due to the optical scattering 
discussed in the previous section. The resultant solar flux den-
sity distribution (effective sunshape) Sat is obtained by the 
convolution of the sunshape function S and the error density 
function E as follows: 
I S-EdA (19) 
where the integration is carried out over the intersection of S 
and E as shown in Fig. 3. 
The integration in Eq. (19) depends on the relative value of 
Re compared to R, and the location of the center of E with 
respect to the center of S. This integration yields to 
Fig. 6 Integration domain for the convolution of S4H and Po-
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Fig. 7 Variation of the sum of absolute error i/r between predicted and 
measured values with the standard deviation <T, of the error using the 
polynomial sunshape {tr, = 0.264 deg) and the Gaussian sunshape (cr, 
= 0.15 deg) 
5rff(r) = 2 £ " \sr, £ ' EdO, \dr, (20) 
where r,,, r,2, and /3s are expressed as follows: 
rs\ = r - Re, r ^ Re 
= 0, r<Re (21) 
r»2 = R,, r^{R,- RA 
= r + Re, r< {R, - Re) (22) 
P, = -K, r, s (/?^ - r) 
= cos 2rr, 
r, > (R, - r). (23) 
The radius r̂  at any angle ^, is given by 
re = V J r + r,'- 2rr, cos 6,. (24) 
The effective sunshape function is thus given as follows: 
5etf = SUfir), r £ R,« 
= 0 r > iJeff (25) 
where R^n is the radius of the effective solar disk. 
From the definition of <̂  given by Eq. (4), the function 
S'cff to express the effective solar disc of unit radius is then 
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Fig. 8 Comparison between measurements and present model using 
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Fig. 9 Comparison between measurements and present model using a 
Gaussian sunshapes of a-, = 0.15 and with or, = 0.12 deg (exp 364 A) 
•Seff — ReffSef!- (26) 
Basically, R^H is determined as the maximum value of r in Fig. 
3 for which S and E overlap, i.e., 
/Jeff = /?, + Re- (27) 
Calculation of 5eff is carried out using Eq. (19) with S repre-
sented by either a polynomial or a Gaussian distribution as 
suggested by Eqs. (11) and (15), respectively. The results show 
that Eq. (27) may be replaced by 
/?etf = \Rs + Re (28) 
with error <10"' ' in the calculation of S'^n. This new definition 
of jReff shortens the domain of integration and reduces the com-
putation time. 
Figures 4 and 5 depict the distribution of 5eff and 5eff with 
r'{r' = r/R^si) for a polynomial sunshape with a,, = 0.264 deg 
and a Gaussian sunshape with a, = 0.15 deg, respectively. In 
these figures, a^ is taken equal to 0 deg, 0.1 deg, 0.2 deg, 0.5 
deg and 1 deg. Examining Fig. 4, we see that both Seff and 
Seff for a polynomial sunshape approach Gaussian distributions 
as ae is increased. Moreover, since 5eff for a Gaussian sunshape 
is also a Gaussian distribution, a single expression for Seff is 
found to express all values of a^ and a^ in 5 and E, respectively. 
This expression of 5eff is 
•KRI Rcff) J 
(29) 
4 Calculation of (̂  
As given by Eq. (4) , (j> is determined by the convolution of 
5eff and P'„. The expression of (p{ ̂ ,, rj,) yields to the following 
(Elsayed and Fathalah, 1994): 
J-. 
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receiver principal image mirror 
Fig. 10 Receiver principal image for a mirror with its iower right quarter 
is shaded (exp 055°C) 
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Fig. 11 Variation of the normalized solar flux density Fi, with distance 
along axis ^R for various values of riR using a polynomial sunshape for 
the shaded mirror in Fig 10 
<^(C. ,,-,77,) = J_ J^S^, dL*dr]* eff , 
I J-I s m I 
- 1 s C* ^ 1. - 1 s )?* s 1 
= < / ) ( ; * , l i ) , 77* > 1 
= <^(1, 7?*), C* > 1 
= 0, C* < - 1 and/or 77* < - 1 
= 1, C* > 1 and 7?* > 1 (30) 
where 
C,* = ^,1 sin d*\, 77* = 77/1 sin (31) 
The integrations < ^ f o r - l < ^ * < l and - 1 s 77* s 1 are 
carried out numerically. This requires that the plane area formed 
by 0 s ^* < 2 and 0 ^ 77* s 2 be divided into N X N small 
areas of dimension A^* = A77*, as shown is Fig. 6. In this 
case, the double integration in Eq. (30) reduces to 
^ 'V AC* An* 
< ^ = I S % f ( r ' ) ^ ^ ^ S (32) 
,=,;=, I sin 61* I 
where 
with 
fi = 0 r ' > 1 
= 1 r ' < 1 (33) 
1 
I sin e* I 
X V(Cf-C*) ' + (Vr - ri*)^ + 2{Q - !;*)(7?* - 7?*) cos S*. 
(34) 
The point (^j., 77̂ ) in the above expression is defined in Fig. 6. 
5 Validation of Model Using Measurements 
Measurements of the solar density distribution on a flat re-
ceiver surface are carried out using the experimental test rig 
which is given in detail by Elsayed et al. (1993, 1995). The 
rig consists of a flat mirror mounted on a tracking mechanism 
using two-step motors to continuously reflect the solar rays on 
a flat receiver surface. A two-dimensional traversing mechanism 
is mounted on the receiver surface where the position of the 
platform is controlled in accordance with a preselected grid on 
which the distribution of the solar flux density is to be measured. 
A miniature measuring device (to measure the solar flux) is 
fixed on the platform. The device is connected to a host com-
puter through a fixed gain circuit and a computer data acquisi-
tion card. The program "TOWER" (Elsayed et al., 1993) is 
used in the host computer to control the tracking of the mirror, 
the motion of the platform of the traversing mechanism on the 
measurement grid points, and measurement of the solar flux at 
each grid point on the receiver surface. 
Experiments are carried out using a locally available commer-
cial flat mirror manufactured by a Turkish Company. The center 
of the receiver plane is 0.73 m above the center of the mirror. 
The measurements are taken at the grid points formed by the 
intersections of constant t^g and 77̂  lines where ^^ and 77̂  are 
the principal axes of the receiver principal image (Elsayed et 
al , 1993, 1994). 
To use the measurement of an experiment to validate the 
results predicted by the model, calculations are carried out at 
each experimental grid point. For sake of comparison, the nor-
malized solar flux on the receiver is defined as follows: 
max (35) 
where {FR)^^^ is the maximum solar flux on the receiver. 
The difference between the measured and predicted values 
for a given experiment is judged by the value of the function 
tjj which is defined as follows: 
'A(o-J = X \{FR - GM)k (36) 
where M is the number of experimental points and GM is the 
measured value at the grid point. The value of Gu is calculated 
as follows: 
GM = (G, — Gj)l{G, - Ga)rr (37) 
where G, is the total solar irradiance measured at a receiver 
point, Ga is the measured diffiise irradiance at the same point 
from sources other than the reflecting mirror, and the subscript 
max indicates the maximum value within the domain of mea-
surements. 
The first experiment to validate the model (exp 364A) used 
a square mirror of 4 cm side. Measurements are taken on 364 
Julian day at Jeddah (21.5°N) around solar noon, with the mirror 
located at 16 m north of the receiver. To determine the value 
of the standard deviation a^ of errors, the function i/f is calcu-
lated for different values of a^ for both models of sunshapes, 
i.e., the polynomial distribution and the Gaussian distribution. 
The variation of I/J with a^ is shown in Fig. 7. It is clear from 
the figure that the polynomial sunshape gives a better fit than 
the Gaussian sunshape and the optimum value for the best fit 
between the model and measurement is obtained at o-̂  = 0.12° 
for both sunshapes. 
Using (Te = 0.12°, Figs. 8 and 9 compare the measurements 
with the predicted values using polynomial and Gaussian sun-
shapes, respectively. As shown in the figure, the comparison is 
fair and no preference for either model of sunshape is proved 
for this value of a^. 
To validate the model when part of the mirror is shaded and/ 
or blocked, another experiment was carried out using a flat, 
square mirror of 7 cm side length. The lower right quarter of 
112 / Vol. 118, MAY 1996 Transactions of the ASME 
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Fig. 12 Comparison between measurements (symbols) and model (broken line) of the distribution of 
the normalized soiar flux density PR on the receiver for the shaded mirror in Fig 10. Here the model uses 
the poiynomlai sunshape with cr, =: 0.264 deg 
the mirror was covered to simulate shading and/or blocking. 
Measurements were carried out as before in Jeddah on Julian 
day = 55 at solar time of 13:00 hr, with the mirror located 
north of the receiver at a distance of 16 m. The receiver principal 
image appeared and was calculated as shown in Fig. 10 where 
e,M = 180.5 deg and 61̂  = 84.7 deg. 
The present model is used with a polynomial sunshape to 
predict the distribution of the normalized solar flux distribution 
on the receiver surface. Figure 11 depicts the predicted distribu-
tion for cr<, = 0.1 deg and 0.2 deg. As shown in the figure, the 
peak values of F^ are shifted away from the shaded/blocked 
part of the principal image, i.e., towards the negative direction 
of the ^R-axis. 
Comparison between measured and predicted values of Fn 
using a polynomial sunshape for the 7-cm square mirror showed 
that the best agreement between these values is obtained at a^ 
= 0.2 deg. Figure 12 shows this comparison. As shown, the 
comparison is fair and thus validates the model. 
6 Conclusion 
A numerical method was introduced to determine the effective 
sundisk of unit radius needed to implement the separation of 
variables/superposition technique introduced by Elsayed and Fa-
thalah (1994). Also, a numerical procedure was developed to 
calculate the basic solar flux distribution function (p. With this 
method and these procedures, the separation of variable/superpo-
sition technique was used to predict the solar flux distribution on 
a receiver with two models for the sunshape, a polynomial and 
a Gaussian distribution. The results showed that, the polynomial 
sunshape gives, in general, a better fit for the measurement than 
the Gaussian sunshape. However, the value of the accompanying 
errors due to tracking, wind, imperfect reflection, etc., smoothes 
the difference. In this case, the predicted solar flux distribution 
on the receiver is almost the same for both sunshapes, and fits 
well with measurements when the proper value of a^ is used. 
Comparison with measurements validates the model for the cases 
of partially shaded and/or blocked mirrors. 
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